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The factor model is modified to deal with the problem of factor shifts. This problem arises with
sequential data (e.g. time series, spectra, digitized images) if the profiles of the latent factors shift
position up or down the sequence of measurements: such shifts disturb multilinearity and so
standard factor/component models no longer apply. To deal with this, we modify the model(s) to
include explicit mathematical representation of any factor shifts present in a data set; in this way the
model can both adjust for the shifts and describe/recover their patterns. Shifted factor versions of
both two- and three (or higher)-way factor models are developed. The results of applying them to
synthetic data support the theoretical argument that these models have stronger uniqueness
properties; they can provide unique solutions in both two-way and three-way cases where
equivalent non-shifted versions are under-identified. For uniqueness to hold, however, the factors
must shift independently; two or more factors that show the same pattern of shifts will not be
uniquely resolved if not already uniquely determined. Another important restriction is that the
models, in their current form, do not work well when the shifts are accompanied by substantial
changes in factor profile shape. Three-way factor models such as Parafac, and shifted factor models
such as described here, may be just two of many ways that factor analysis can incorporate additional

information to make the parameters identifiable. Copyright © 2003 John Wiley & Sons, Ltd.
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1. INTRODUCTION

1.1. Uniqueness and the ‘rotation” problem
Factor (or principal component) analysis is sometimes used
to recover the pattern contributed by each individual source
from a mixture of patterns contributed by several sources. In
chemistry, each pattern might be a spectrum of light emis-
sion energies and each source might be a distinct compound;
in psychology, each pattern might be a set of opinions likely
to be held and each source might be a distinct personality
trait, or each pattern might be a set of test problems likely to
be solved and each source might be a specific cognitive
ability. (For a general discussion see e.g. References [1,2].)
However, correct recovery of the source patterns is ham-
pered by the fact that the bilinear model used in factor/
component analysis is ‘under-identified’; it does not provide
a single unique solution but only a family of alternatives
with equally good fit, corresponding to a family of axis
‘rotations’ in the space spanned by the factors.
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Considerable effort has gone into the search for methods
to identify the most valid member of the family of possible
solutions. In chemistry, approaches to the problem have
included, for example, evolving factor analysis [3], rank
annihilation factor analysis [4,5], local rank [6] and alternat-
ing regression [7,8]. Often these methods have incorporated
constraints such as non-negativity [9] or ‘selectivity’ [10]. See
Reference [11] (pp. 135-184) for a discussion of these and
other types of constraints that may be used. In psychology,
approaches have included development of criterion rotation
[12] or rotation to theoretical targets (see e.g. Reference [13]
and Reference [14], pp. 353-360). Other rotation methods
optimize some property of the solution, most frequently
some measure of ‘simplicity’ (e.g. Varimax; see Reference
[15], pp. 422-441, and Reference [16]). General principles of
factor rotation are presented in Reference [17] and Reference
[18] (pp. 176-182, 231-238).

A different approach is to modify the factor model itself so
that it incorporates more information and describes more
structure and, as a consequence, is no longer under-identi-
fied. To date, this has primarily been done by generalizing
the bilinear factor model, which fits a single two-way data
matrix, into a three-way model that simultaneously fits
several related data matrices at once [11,19,20]. The simplest
such model is trilinear (or higher-way multilinear) and,
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Figure 1. Two kinds of factor shifts and their effects. Full and broken lines indicate factor and data profiles respectively.

under conditions that in some situations are relatively nat-
ural, the best fitting factor solution is unique except for trivial
variations that do not affect interpretation (e.g. changing
order of factors) (see e.g. References [21,22]).

In this paper, however, we examine a different way to
modify or strengthen the factor model so that it is no longer
under-identified. Here the added information incorporated
into the model, as well as the added structure described by
the model, concerns the independent ‘shifting of position” of
factors in a sequential data set. Inability to deal with such
shifts becomes an important limitation of current multi-
linear methods when they are applied to some types of
sequential data.

1.2. Shifted factors in sequential data

For certain kinds of data, the order or relative position of the
measurements carries important meaning. The prime exam-
ples of this are time series data, spectral data and spatial (e.g.
image or map) data. We will refer to such data as sequential*.
If a vector v contains sequential values, then elements with
adjacent subscripts, such as vy, v, and v, represent measure-
ments taken at adjacent points along some measurement
continuum. If, for example, the continuum is time, then v, is
later in time than v; and earlier in time than vs.

Factor analysis of such data does not, in itself, pose any
problem. The extra meaning implicit in the ordering of the
measurements is preserved or conveyed in the ordering of
the loadings. Observed sequential profiles are modeled as
weighted linear combinations of latent sequential profiles.

New principles are required, however, when the variation
in latent sequential profiles goes beyond simple weighting.
In this paper we consider the case where the overall position

*In the case of images or maps the ‘sequences’ are orderings in two
or more dimensions. Nonetheless, since the added information still
consists of adjacency and distance relations, we also refer to these
data as ‘sequential’.
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of the profile (i.e. of its particular peaks, valleys, etc.) can shift
up or down on the measurement sequence (see Figure 1). By
‘shift” we simply mean that the values making up the profile
systematically change subscript location: if v is a shifted
version of v, then 9; = v, where s represents the amount of
shift. In the shifted factor generalization, observed sequential
profiles are modeled as linear combinations of weighted and
possibly shifted latent sequential profiles.

Such latent shifts can arise in many areas of science.
Shifting of spectral profiles can occur, for example, in astron-
omy when the signal sources are in motion relative to the
observer, as in the well known red shift of light from distant
galaxies, and the complex mixtures of shifted spectra that
arise from the violent activity near some black holes. In
chemistry and physics a wide variety of absorption and
emission spectra are subject to problems of shifting position
(see below). Shifting of time series can occur, for example, in
acoustic or electromagnetic signal processing when mixtures
of similar signals arising from widely separated sources are
recorded using an array of sensors (microphones, antennae,
etc.) located in different places. The differences in relative
distance between each source and each sensor produces a
pattern of shift in the arrival times of the underlying time
series (signal waveforms) from one sensor location to an-
other*. The pattern changes in an orderly way if the sources
and/or sensors change position from one sample of record-
ings to the next, potentially generating three-way or higher-
order multiway data sets. Shifting of spatial patterns can
occur when several images are composites of the same
underlying spatial patterns but these patterns are displaced
in the image plane (or space) by amounts that vary from one
image to the next. This occurs, for example, in functional
brain imaging (fMRI) and in binocular vision.

*For a Parafac analysis of such data without the shifted model
proposed here, see Reference [23].
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1.2.1. Examples from chemometrics and in
neuropsychology

1.2.1.1. Chemometrics. The problem of spectrum po-
sition shifts is widespread in chemometrics and arises in
several different ways'. These include: (a) all hyphenated
methods in which chromatography is hyphenated with
spectroscopy (e.g. LC/UV, LC/NIR, GC/IR, GC/MS); (b)
on-line spectroscopic methods where external variation is
present, such as temperature or viscosity changes (mostly in
NIR, Raman spectra); (c) instrument drift over the long term,
which sometimes causes shifts (mainly IR, NIR, NMR); and
(d) differences between two instruments of the same brand
(e.g. two NIR instruments should give the same spectra for a
compound, and if they do not, shifts may occur).

Not all shifting is equally complicated, however. Tauler
[24] points out the important distinction between the case
where shifts are the same for all factors and the case where
shifts of one factor differ from those of another. Extending
his terminology, we call the first case ‘synchronized’ factor
shifting (a.k.a. measurement level shifting; column b in
Figure 1) and the second ‘independent’ factor shifting
(a.k.a. latent level shifting; column ¢ in Figure 1). Tauler
proposes specific multilinear analysis strategies to deal with
each and points out that trilinear methods are not appro-
priate for the shifted cases, particularly when shifts are not
synchronized.

Bro et al. [25] considered the problem of shifts in the
context of analyzing three (and four)-way data from chro-
matography. They showed how shifts and other changes in
the elution profiles degraded the results returned by a
straightforward Parafac analysis. To solve the shift problem,
they directly fit Parafac2 to these data, which gave better
results. In Part III [26] we reanalyze their data and compare
the advantages and limitations of their approach with those
of shifted factor analysis (SFA).

1.2.1.2 Neuropsychology. Field and Graupe [27] en-
countered the problem of factor shifts in an analysis of brain
electrical potentials elicited by light flashes. They did a
Parafac analysis of a time (after stimulus) by subject by
electrode location data array and convincingly demonstrated
that factor shifts (i.e. variation in arrival time of the signals
generated by underlying brain events, due to changes in
subject excitability or other influences) resulted in the crea-
tion of an artificial additional factor. The factor was shaped
like the first derivative (in time) of the ‘jittering’ component of
the electrical evoked response, and it had subject weights that
correlated 0.77 with subject latency variations in the data.

1.2.2. Added complications due to shape changes

Often it is not only a shift of peak position that occurs but
also a change in peak shape. For example, see Reference [28]
and references cited therein. Wulfert et al. [28] studied
the effects of shifts and shape changes on the fit and predi-
ctive ability of multivariate models, taking as their example
short-wave NIR spectra of ethanol/water/isopropanol mix-
tures at different temperatures. They showed that ‘Spectra
that exhibit shifts or other changes in their shape do not

fOur thanks to Dr A. Smilde for his help with this subsection.
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conform to the linearity demand and consequently a multi-
variate model will have to use more regression factors than is
to be expected by the chemical rank (number of components
in the mixture)’ (p. 1762).

Provision for peak shape change is not incorporated into
the models to be described in this paper. However, many of
our results (including uniqueness results) seem to be ex-
tendible to shape change situations, as will be explained in
Section 6.

1.3. Previous work on the shift problem

To deal with the problem of alignment of time series, Cattell
[29] proposed his ‘time-corrected P-technique’. This method
attempts to correct a mismatch of position before the analysis
begins, allowing one to subsequently factor the variables in
the standard way. To accomplish this, the variables were
shifted relative to one another by amounts that maximized
cross-variable correlations (considered pairwise), shifting to
maximize the correlation for each pair, repeating for all
possible pairs and then iterating the whole process until a
globally maximum sum (neglecting sign) of all pairwise
correlations was obtained. Although this method permitted
one variable to be lagged relative to another, it did not
consider the possibility of individual factors within the
same variable having different lags.

Molenaar [30] overcame this limitation and generalized
Cattell’s technique by allowing differing lags of individual
factors. The method was called dynamic factor analysis
(DFA). It was constructed to analyze time series data, but
the parameters were estimated by fitting the covariance
matrix that such time series would produce. Because of its
greater flexibility and additional parameters, the model was
considerably more complicated than Cattell’s approach and,
in fact, more complex than the SFA models to be considered
here. We refer the reader to Reference [30] for further details.

Both SFA and DFA incorporate shift (or time lag) variation
as a part of the model’s latent variable parameters. In
contrast, there have recently been some new data-preproces-
sing techniques proposed for peak realignment that are (like
Cattell’s method) applied directly to the ‘surface’” data. These
are, for example, proposed for chemometric applications
such as analysis of retention time-shifted chromatographic
spectra or frequency-shifted spectroscopic profiles. Some of
these techniques are described in the following paragraphs.

Prazen ef al. [31] considered the retention time shift
problem in second-order chromatographic/spectroscopic
data. They took advantage of the fact that position shifts
increase the complexity of the data structure. They first
adjoined a two-way standard LC/UV data matrix (where
underlying spectra were lined up) with a sample LC/UV
data matrix (where underlying spectra were subject to un-
known shifts) so that the two matrices shared the same time
axis. Were it not for the position shifts in the sample data, the
augmented data would have had the same ‘essential’ data
rank (i.e. ignoring noise) as the standard data. This should
also match the number of chemical components. Based on
this, the method considers the variance contributed by the
first R eigenvalues, where R is the ‘essential’ rank of the
standard (or the number of analytes—known a priori). It then
makes position shifts of the profiles in the sample data so
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that the variance due to the R+1 and later eigenvalues is
minimized. The type of shift is the same as in Cattell’s
method, a shift of the full profile for each sample, but the
definition of optimum shift uses an external standard rather
than internal correlations. Fraga et al. [32] used the same
method to adjust for retention time shifts in two-dimensional
gas chromatography (GC/GC).

Vogels et al. [33] developed a method that was more
flexible. Their approach compares portions of each individual
spectrum with the mean spectrum and then shifts each
portion left or right until the sum of squared differences
between a particular region in a sample spectrum and the
corresponding region in the mean spectrum is minimized.
They called it the partial linear fit (PLF) algorithm and applied
it to position shifts of peaks in NMR spectroscopic data.

Other methods go beyond simple shifting. Nielsen et al.
[34] used time warping instead of simple shifting as a data-
preprocessing tool, applying it to retention time shifts in
chromatographic profiles. Time warping adjusts for shape
changes such as broadening or narrowing of peaks and, to
some extent, for position shifts as well. Bylund et al. [35]
applied the same approach to the retention time shift pro-
blem in LC/MS data profiles in the Parafac-modeling con-
text and appear to have made an additional refinement: an
adjustment for overall shifts.

Another position and shape adjustment technique, used
by Westad and Martens [36], is gradient-based motion
estimation. In this method, speeds of ‘flow’ of spectral shape,
represented by shift vectors, are determined using difference
profiles between sample spectra and a reference spectrum.
Then the estimated shift vectors are used for alignment of
sample spectra. Like the time-warping method, this ap-
proach flexibly adjusts for complex shape changes as well
as position shifts. (See Reference [37] for a more detailed
description of the algorithm.)

2. REPRESENTING SHIFTS: THE SHIFT
OPERATOR AND ARRAY NOTATION

We will be discussing models that represent factor shifts by
means of systematic changes in the subscript values of array
elements. Consequently, we will need an efficient way to
describe such changes. The only way to do this with current
notation (as far as we know) is to write a scalar expression
and replace the usual i and j subscripts with more complex
expressions that show how subscript values are to be com-
puted, such as x;,,. This is not suitable when we need an
expression for a full matrix or array incorporating shifted
elements (e.g. in order to use it in a matrix product or some
other matrix expression) or when we want to take an
equation involving shifted vectors or matrices and manip-
ulate it to get a new equation involving the same objects with
different amounts of shift.

There are (at least) two ways to deal with this problem: one
is to define a new addition to matrix notation—a mathema-
tical operator that performs matrix index shifts; the other is
to change one’s basic array notation from standard matrix—
vector conventions to one in which array index shifts can be
represented naturally, without the need for special opera-
tors. Both approaches have advantages. On the one hand,

Copyright © 2003 John Wiley & Sons, Ltd.

use of the matrix operator allows the shifted factor models to
be represented in papers and contexts that use conventional
matrix notation throughout. On the other hand, the array
notation to be used here can represent shifted arrays of all
kinds without requiring a new special operator. In some
sense, it provides the only complete solution, since it can
express shifted factor models that have no straightforward
representation in terms of the shift operator (e.g., see section
5, below). However, to facilitate the introduction of these
shifted models, and to aid future workers who may want to
adopt either approach, we shall lay out our definitions in both
ways. In Parts II and III, we will primarily use the shift
operator, since it is compatible with the models discussed
there and allows us to use matrix notation throughout, thus
reducing the learning effort required of the reader.

2.1. The shift operator

To facilitate the expression of multilinear models* with
shifted components, we define a shift operator (or function)
o s](~) which takes some (or all) values in an array and
assigns them new subscript numbers, thus ‘shifting’ them
to new locations in the array. Each subscript in a set of
shifted elements is incremented in size by the same fixed
amount, which is determined by an argument given to the
operator. When applied to a vector of sequential data, this
causes the profile of peaks and valleys to shift position by
that amount along the sequence.

The two most common (and simplest) applications of the
operator will be to shift a vector and to shift the columns of a
matrix. This generalizes in a natural manner to three- and
n-way arrays and to expressions for subarrays. For an
explanation of these generalizations and a more complete
general discussion of the mathematical properties of the shift
operator, see the Appendix. The employment of the operator
in subsequent sections of this paper will provide additional
examples that demonstrate its use.

2.2. Array index notation

An alternative to the shift operator is the use of Array Index
Notation (AIN) [38]. Here subscripts occur explicitly not
only in the names of array elements but also in the names
of the arrays themselves. Individual letters that indicate sets
of subscript values can be replaced by expressions that
represent a systematically modified set of these subscript
values, and hence an array name can directly express a
particular shift of its elements.

2.2.1. Two basic rules
AIN notation is described fully in Reference [38]. For our
current purposes we summarize two basic rules governing

*And models which we would call either quasi- or semi-multilinear.
Sometimes, when being precise, we follow a convention that uses
distinct and specific names for two classes of models with mostly
multilinear structure but with certain violations of multilinearity.
Models that are multilinear except that some sets of parameters enter
more than once (e.g. Parafac2) are referred to as ‘quasi-multilinear’,
because they are quadratic or cubic, etc. in these parameters. Models
in which parameter sets for some modes combine in a simple
multiplicative or multilinear fashion, but those for others enter or
combine in a different way, are referred to as partly multilinear or
semi-multilinear. For convenience, these distinctions are often ig-
nored and the term ‘multilinear” is used loosely to refer to all these
models.

J. Chemometrics 2003; 17: 363-378



AIN that are important for this paper, and point out some of
their implications.

2.2.1.1. Uppercase subscripts. When a name refers
to an element in an array, the subscripts in the name are
written in lowercase, as in Xij- When the name refers to the
entire array, the subscripts are written in uppercase, as in Xfj;
when it refers to a subarray or a part of an array, only
subscripts that take on multiple values in the part referred to
are written in uppercase, as in Xij, which is the name of a
(generic) column of Xyj. Uppercase subscript letters denote
the set* of index values for that subscript position, rather
than just a single value, and so any name containing that
uppercase subscript represents a set of elements, in other
words, an array or subarray. Some further examples: the
vector conventionally written in matrix notation as v with
elements v; is written in AIN as U1 with elements vj; likewise,
the matrix Y with rows y, and columns y, and elements 1/, is
represented in AIN as I/rg with rows fys, columns }/rs and
elements Vrs.

2.2.1.2. Summation convention. The AIN system of
notation follows a convention (often called the ‘Einstein
summation convention’) which specifies that whenever
identical subscript set names occur on two arrays being
multiplied together, such as the R in IZIRb]R, corresponding
elements from the two arrays (elements that have matching
values for the subscripts with matching names, e.g. ;3 and
bj3) should be pairwise multiplied together and the products
summed; in this example the sums have the form
ai1 bj1 + llizbjz + - - -. The sum is placed into the product
array at the location determined by the non-matching sub-
scripts. For example, if ) = aIRb]R, elements in the pro-
duct are computed as Cij = 2y Elirb]-r. Hence in this
example the expression aIRb]R specifies the standard matrix
product AB’. In AIN the same principle is also extended
to more than two coefficients with matching subscripts, so
that pgx = EIIRb]RCKR means Pijk = Zr airbjrckr, thus
providing another way of writing the Parafac/Candecomp
model.

2.2.2. Representation of shifted arrays
With this notation it becomes a relatively simple matter to
represent arrays in which subscripts are shifted in value. For
example, the vector v was defined previously as being the
same as vector v except that all the subscript positions have
been increased by an amount s. The equation relating the two
vectors would be written in matrix notation using the shift
operator as Vv = of /(v), but it can be written in AIN without
any special operator as simply U; = U[14s]- An array that is
shifted across levels of a particular mode (e.g. A) by a
particular amount (e.g. s) can be written as }/[14¢]JK; in this
case, only column vectors are shifted.

If the shift value added to the sum varies across the levels
of some mode, then the shift value appearing in the com-
puted subscript is itself subscripted. For example, in the

*In all the cases considered here, these sets are not just collections of
elements, but ordered collections.

Copyright © 2003 John Wiley & Sons, Ltd.
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array Yy[j+s,] K the values of the subscript j are shifted by
(potentially) different amounts at each different level k of the
third mode. It is also common that a shift value depends on
the levels of two other modes, as in Vy[jig, K- These
expressions can be written more formally in AIN by using
the rules for computed elements. For our current example
the expression could be written as (yi[j"!‘sik]k)HK' Note that
by using a name containing subscripts (in this case Sji) to
refer to the shift value, such expressions imply the existence
of a separate matrix, in this case sy; (or in matrix notation, S)
containing the shift values.

The use of AIN eliminates the need for a special shift
operator, but some of the shift-related issues still remain. In
particular, the principles adopted for dealing with ends of
shifted vectors must be established and agreed on, just as
they must with use of the shift operator (see the Appendix).

2.2.3. Further generality possible

In addition to its flexibility in dealing with one-dimensional
sequences, AIN allows the straightforward statement of
more general models, such as those involving shifts in the
plane (e.g. of an image) or in three-space (e.g. of a brain
scan). For example, in the array i [[+t][J+u]K- entire slices are
shifted: each mode C slice (i.e. each frontal plane of the array)
is shifted by f units in row position and by u units in column
position.

In certain cases it is natural to have some of the constituent
sets of model parameters organized into three-way or higher-
way arrays. One example, involving three-way factor loading
arrays, will be presented later in this paper. It demonstrates
how an interesting and potentially useful shifted factor model
can be simple to state in array notation but be difficult or
impossible to state in conventional matrix notation.

3. THE TWO-WAY SHIFTED FACTOR
MODEL

Consider a matrix X containing sequentially organized data
(e.g. a set of time series, spectral or spatial measurements,
etc.). Using standard multiway terminology, we say that the
two-way array X has two ‘modes’ (short for ‘modes of
classification” [39]). By convention, the row positions are
called levels of mode A and are indexed by i, while the
column positions are called levels of mode B and are indexed
by j. Two additional conventions are adopted for shifted
factor models: (a) We will always arrange the data so that
mode A (rows) has the sequentially ordered levels. Thus row
positions correspond to positions along the sequence (e.g.
successive time points, frequencies, etc.), and each column
contains one sequential profile. Different columns usually
correspond to different sources or conditions of measure-
ment (e.g. different variables, objects, etc.). (b) By conven-
tion, mode B is the one that controls the amount of shifting
(i.e. it is the mode in which the amounts of factor shift change
from one level to the next). This is summarized by saying
that mode A is the ‘shifted’ mode and mode B is the ‘shifting’
(or ‘shift-controlling’) mode.

Of course, so long as there are no factor shifts, we can
represent sequential data in standard matrix notation
using the standard factor/component model. We write it

J. Chemometrics 2003; 17: 363-378
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here as
X = AB (1)

where A is an I x R matrix in which a;, gives the relative
contribution of factor r at sequence location 7, and hence the
columns of A describe the latent sequential vectors. Likewise,
B is a | x R matrix in which b;, gives the relative contribution
of factor r (i.e. of latent sequential vector ) for the jth column
of X. (Note that here and below we omit the error or residual
term of these models and focus on the structural part. The
error terms are sometimes included in Part II [40] where
fitting of fallible data is discussed.)

3.1. Generalization stated in array notation
In AIN the standard unshifted bilinear model is written as

Xy = dg b]R )

where X[j = X, 4[R = A and bJR =B.
In this notation a limited generalization of (2) that allows
for synchronized factor shifts can be written as

a b

Xy = LR VIR (3)

where the parameter s; gives the amount of shift that all
factors show at level j of the data. This is the ‘time-corrected
P-technique’ model considered by Cattell [29]. As noted
earlier, it is equivalent to a model written in terms of shifts
of the jth data vector, and so could be rewritten as
Xy = X[I4s)]-

In this paper we focus our interest on a more general
model, one that allows for independent shifts of each factor
at each level j of the data. It is written in AIN as
N

Yy = Apigrr 4)

Here the shift parameter Sjr gives the shift at column j that is
exhibited by factor or component . (In other words, as the
subscript set | goes through its range of values, the j on S
goes through the same range, and likewise for R and r*.)
Equation (4) is the basic two-way version of shifted factor
analysis (SFA).

3.2. Generalization stated using the shift
operator
Unfortunately, the familiar matrix formulation of the un-
shifted model given in (1) cannot be economically converted
to a shifted factor form (as will become clear below). To
facilitate generalization of a matrix formulation, we restate
the model using standard notation but in a ‘representative
vector’ form (see Reference [41] on slice-based and vector-
based notation).

The equivalent of (1) in a ‘representative vector” formula-
tion is

X]‘ = Ab] (5)

Here x; is column j of X, A is as before and b; is an R x 1
column (i.e. row j of B) that gives the relative weights or
contributions of the R factors on occasion j. Then, by using
the shift operator described above (and in the Appendix), we

*In other words, Xj = ((a[i+sjr]r)IijR)]'

Copyright © 2003 John Wiley & Sons, Ltd.

can write a shifted factor equivalent of (5) as

R
x =S of (@b,

r=1 Sir

or, more compactly,

X =S (A)b; (6)

7

where, as before, s; comes from S, a | x R matrix giving the
shift sizes for columns 1 to | for each of the factors 1 to R.
Replacing the scalar s;, by the vector s; allows us to use the
shift operator on A instead of a,, which yields a more
compact expression, where s; is a vector of R shift values
taken from row j of the (implied) shift matrix S.

Finally, by repeated use of (6) we can construct a shifted
factor equivalent to (1) which does describe the shifted factor
structure of the full matrix X, but it has the somewhat
awkward form

X= |S Al S (Aba] - [SAy [ ()

s1

4. UNIQUENESS PROPERTIES OF
THE TWO-WAY MODEL

Of key interest here is the uniqueness of the solution (i.e.
identifiability of the model parameters given a set of data) for
the model given by (4) and (6) or (7). We have investigated
this both mathematically and empirically. Both lines of
investigation provide strong support for the conjecture
that incorporation of information on shifts can strengthen
the model enough to make the parameters identifiable up
to scaling and column order, and hence make them, in
Kruskal’s terminology, ‘essentially unique’. (In this paper
we will follow the common practice of dropping the quali-
fier ‘essential’.) This identifiability appears to hold under
relatively mild conditions, which would frequently, though
not always, obtain with certain kinds of sequential data.

4.1. Mathematical results

We are constructing what we hope to be a proof of unique-
ness (R. A. Harshman and M. E. Lundy, unpublished manu-
script) for solutions to the shifted factor model given in (4) or
(7). The theorem can be summarized as follows. Consider
any two alternative shifted factor representations of X (i.e.
alternative factor profiles A vs A, column weights b; vs b;
and factor shift vectors s; vs §j) that both produce the same
array, so that

* ok

X = o (A)b; = f (A)b) (8)

I? AIN this would be written as Xy = A1 4s;) Rb]R =
s ROR

If the structure of X fulfills certain conditions, the two
representations can only differ in trivial ways. Specifically,
they must be related as follows:

B=BPA" )
A = APA (10)

where P is a permutation matrix and A is diagonal (this
assumes there is a convention setting the zero-shift locations).
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4.1.1. Requirements

The theorem’s assumptions (i.e. some conditions sufficient to
ensure this uniqueness) can be briefly summarized as fol-
lows: (i) A has full column rank; (ii) column shifting does not
change the rank of A; (iii) the columns of A are not ‘cyclic’
(self-proportional when shifted); (iv) X includes a set of at
least R+1 columns which has k-rank of R and in which any
two factors show independent shifts at least once.

The first three assumptions (maintenance of linear inde-
pendence from the same and other factors after shifts, and
non-cycling profiles) seem likely to be fulfilled in most real
data situations. The maintenance of linear independence
after shifting would usually be a natural consequence of
the non-linearity of the transformations imposed by shifting.
Non-linear factor transformations other than shifts (e.g.
shape changes) might also fulfil these requirements, which
raises potentially broad possibilities (see Section 6).

4.1.2. Implications

If proven true, the theorem would support the idea that
latent factor shifts can provide an added source of informa-
tion that can be used to distinguish the factors. This would be
analogous to the added information provided by the changes
in factor weights across the third mode in multilinear models
such as Parafac and Parafac2. Alternative ‘rotation’ and/or
shifting of the factors (or combinations of shifting and
rotation) could not reproduce the observed data.

4.1.3. Necessary or sufficient conditions

The proof requires at least R+1 columns in X to obtain
uniqueness of R factors. We do not know whether this is
necessary or whether fewer will do. (Recall, for example, that
the first uniqueness proof for Parafac [42] needed to assume
R levels of every mode in order to prove uniqueness of R
factors, but the second proof [43] required only two levels of
mode C for any number of factors*.) Independence of each
factor’s variation of shifts is also critical for uniqueness of the
unconstrained version of the model. (Finally, it should be
obvious that if any column of sequential factor loadings is
‘cyclic’ (i.e. proportional to a shifted version of itself), then
the solution obtained for that factor is at most unique only up
to the length of one such cycle. However, that may be all that
is needed or meaningful in such conditions.)

4.2. Empirical results

We have performed some empirical tests of the uniqueness
properties of the shifted factor model. Of course, computer
experiments cannot prove uniqueness conclusively, but they
can provide evidence in support of a conjecture (and of a
proposed theorem). So far, our experimental question has
been quite modest: does the two-way shifted factor model
ever provide unique solutions?** Based on our empirical
results, the answer seems quite likely to be ‘yes’. Certainly,
*A consideration of the capabilities of binocular vision suggests that
fewer than R+ 1 levels might sometimes be enough to uniquely
determine an SFA solution.

**Of course, the one-factor case is special. Data generated by only
one factor have an essentially unique decomposition for all multi-
linear models of which we are aware, including the standard bilinear
factor/component model. Nonetheless, although likely, it is not
completely certain that SFA will be unique for one factor, since (a)

it is only partly multilinear and (b) it has additional parameters and
degrees of freedom compared with the bilinear model.
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the particular cases that we have tested seem to be unique in
the practical sense that no competing or alternative perfect-
fitting solutions are observed under simulated data analytic
conditions.

4.2.1. Weighted factor case
Initial computational tests of uniqueness were carried out by
Hong [44]. His methods and results have not been published
elsewhere, but they contribute significantly to the evidence
for uniqueness, so they are briefly summarized in Part II [40].
Additional experimental applications of the SFA model
were carried out as part of our current study. The details are
reported in Part II [40]. The new results further support the
conjecture of identifiability of the SFA model. In addition,
they show apparent uniqueness of the solution in conditions
not covered by the mathematical analysis, in particular the
‘pure shift’ case.

4.2.2  'Pure shift’ two-way case

Having supported the hypothesis that incorporation of shift
information into the factor model allows a unique two-way
solution to be obtained, the question now becomes: what is
the strength of the information provided by that portion of
the data variance due to the factor shifts—to what degree
might it determine the factors recovered by the two-way SF
model, independently of information provided by variance
resulting from factor size changes across levels of mode B?
To explore this, we created a synthetic shifted factor data set
using the same true values for the A and S parameters as in
the 60 x 75 data for the weighted factor case (see Part II [40]
for details), but using B weights that were all unity. Thus the
variation across columns in the data is purely due to the
independent shifting. Put another way, these data would
have rank one without the shifts but have rank | with the
shifts. The latent SFA dimensionality was three.

Two versions of the shifted factor model were fit to these
data, a restricted one and the more unconstrained one used
above for the standard synthetic data. The restricted one was
a ‘pure shift’ model. To fit it, mode B weights were held fixed
at one, and A and S were fit as before. The result was that A
and S were perfectly recovered. In the other test, where the
fitting algorithm allowed the mode B weights to vary, we
again observed perfect recovery of the factor loadings in A, B
and S (after appropriate column scaling in B to set the
weights to unity).

These results empirically demonstrate that the informa-
tion in the data provided by independent shifting can be
quite strong. Sometimes, shifting alone is sufficient to resolve
the SFA factors and allow the model parameters to be
uniquely determined. We currently have no mathematical
analysis of the properties of SFA for ‘pure shift’ data.

5. THREE-WAY SHIFTED FACTOR
MODELS

So far, the shifted factor principle has been discussed in
terms of the shifted bilinear model (5-PCA/SFA). We now
consider two basic multilinear (and quasi-multilinear) gen-
eralizations of this model to three-way data and higher-way
data.
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5.1. S-Parafac/S-Candecomp
Parafac/Candecomp is probably the simplest of the
three-way (and multiway) models; this makes it useful to
demonstrate the incorporation of shift capability into the
higher-way domain. The acronyms stand for parallel factor
analysis [21,42,45] and canonical decomposition [46] respec-
tively. It is easy to specify the shifted factor generalization of
the model using array notation, so we will do that first.

5.1.1. Using array notation
In array notation (AIN [38]) the Parafac/Candecomp model
is written as

Xy = Oy b]R Cxr (1n

To generalize (11) to incorporate shifting (at this point, of
only one mode), we can either start with (4) and add factor
loading parameters for the third mode, or start with (11) and
add a shift parameter to the index I. One obtains

X = a[IJrSjr}R b]RCKR 12)

5.1.2. Using matrix notation

There is no equally simple way to state, and then generalize,
the Parafac model using matrix notation. This is under-
standable, since Parafac is three-way and matrix notation is
inherently two-way. The problem is similar to that of repre-
senting the earth’s surface on a flat sheet of paper. There
have been two main methods that have been used to cope
with this: (a) representing only a local region or (b) unfolding
and flattening the curved surface. For a three-way array the
analog of the first method is to work with a ‘representative
slice’ [11,41]; the analog of the second is to use matrix
‘unfolding’ or matricization [41,47]. Generalization of the
first method to shifted factor arrays is relatively straightfor-
ward; generalizing the second method is more difficult.

In the ‘representative slice’ formulation, one gives the
latent structure of one slice, with a subscript appended to
indicate repetition of similar slices across the third mode.
Typically, the slice used is Xj, a ‘frontal slab” (see Reference
[48], p. 7, and Reference [49], p. 231), and the model is written
as

X; = ADB' (13)

where Dy is a diagonal matrix containing the kth row of C.

In our shifted factor generalization the diagonal weights
will be selected from a different matrix, and so the greater
transparency of angle bracket notation [41] will be helpful.
(This notation simply consists of replacing the diagonaliza-
tion operation usually represented as ‘diag (-)" with “(-)’, i.e.
an expression is enclosed in angle brackets to represent its
diagonalization.) When (13) is rewritten in this way, it
becomes

Xk = A<Ck>Bl (14)

With shifted factor analysis the representative slice cannot
be a frontal slice because of the convention that A is the
sequential ‘shifted” mode and B is the ‘shifting’ mode; thus
shifts in A change from one column of B to the next. This
makes it impossible to use a fixed A for all columns of B
simultaneously, as was done in (13) and (14).
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If, however, we consider the subset of all x;; values that do
share a given shifted version of A, we obtain the I x K matrix
at level j of mode B. This is a ‘lateral slab’ or lateral slice of X
(see Reference [48], p. 7, and Reference [49], p. 231). As a
basis for shift generalization we rewrite the standard un-
shifted Parafac model as

X; = A(b;)C’ (15)

where A and C are factor loading matrices for modes A and
Crespectively and (b;) is a diagonal matrix containing the jth
row of B.

Now we can write a matrix version of the generalization to
shifted Parafacl. It is

X; = of () (b))C (16)

(In the following discussion we will sometimes refer to the
model given in (16) or (12) as S-Parafac or, more precisely, S-
Parafacl and compare it with e.g. S-T3, S-Paratuck2, S-
DEDICOM, etc.)

It is more difficult to generalize the three-way factor model
to shifted form when it is written using the unfolding/
matricizing approach. In the unshifted version the data array
is converted into a matrix by adjoining successive slices to
produce one long two-way data set (see e.g. Reference [47]).
Then the Parafac model can be expressed in matrix terms
either by means of the Khatri-Rao* columnwise Kronecker
product ‘©®" [11] or by means of the standard Kronecker
product ‘®” combined with an enhanced notation** (see
Reference [47], p. 109). The first method gives

X — A(CoB) (17)
and the second
Xa = AL(C' ®B) (18)

It would be tempting to jump to the conclusion that the
corresponding shifted factor generalizations are simply
XIIK) — o (A)(COB) and X, =¢f(A)L(C'®B), but
there are two difficulties. First, there is no longer a single j
for each shifted version of A. This is relatively easy to
overcome, by simply defining a new column subscript that
combines both j and k and then establishing appropriate
values in the associated row vectors of an extended S. The
second problem is more difficult. After unfolding the array,
we have a two-mode model that has the same structure as
(1), and so we encounter the same difficulty that arose when
we tried to generalize (1): there is no fixed single A in the
shifted version. By defining new matrix operations, it may be
possible to deal with this, but this would take us beyond the
scope of this paper.

5.2. Tucker models

The other fundamental three-way model family in current
research is Tucker’s three-mode factor analysis family,
which includes T3, T2 and related models [48] (including,
more recently, constrained Tucker; see e.g. Reference [50]).
Many of the issues raised above for Parafac apply here as
well and so need not be repeated.

*Khatri-Rao-Bro
**The subscript ‘a’ identifies the unmodified mode.
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52.1. S-T3 and S-T2
By arranging one’s data so that mode A is the sequential
mode and mode B is the ‘shift controlling’ mode, it is
straightforward to obtain a simple version of the shifted
Tucker T3 (S-T3) model. In array notation the model might
be written as

Xk = a[Hs]-p]Pb]QCKRgPQR (19)
When written in representative slice form, using ‘encapsula-
ted summation’ [41], and switching B and C as in (16), this is

X; = of  (A) (Z b, Gq> c (20)
q
Similarly, S-T2 becomes

X = 4@ [T4sip] P Cxr 8pir (21)

in AIN and
Xj = @fs] (A)GjC’ (22)

in representative slice form. The above representations have
only one shifted mode, but there are, no doubt, other inter-
esting possibilities that we have not explored.

5.2.2. Uniqueness

It is interesting to note that while the unshifted versions of
these Tucker models are under-identified (unless special
restrictions are imposed as in Reference [50]), it seems quite
likely that their shifted versions will have identifiable para-
meters. This is because these models can be written such that
each slice is a shifted two-way model, and we have strong
evidence (reviewed above) that such two-way models have a
unique solution. If so, S-T3 and S-T2 would combine the
Tucker models’ greater structural generality (relative to
Parafac/Candecomp) with the desirable property of identifi-
able parameters, which previously was possessed by only
the more restricted models.

5.3. Other possibilities for future exploration

Table I shows standard and generalized forms of the direct
fit models discussed so far. Of course, this table does not
exhaust the possibilities; from these examples, however, one
can easily see how other multilinear and quasi- or semi-
multilinear models could be generalized to allow shifting of
latent variables. Now we will briefly venture beyond the

Table I. Directfitmodels: unshifted and shifted representations

Model Matrix notation Array index notation
PCA X=APB X, = arbr

X= @fsj (A)B X, = a[IJrSjr]Rb]R
Parafacl/ X; = A(b;)C’ Xy = aIRb]RCKR
Candecomp X; = @fs/ (A)(bj)C X = a[I+s],]Rb]RCKR
T3 X; = A(Zq hquq)C/ X = ﬂlpb]QCKRgPQR

Xj = &f, (A) (Zq meq)C' X = A1+5,]PUIQCKREPQR
T2 Xj = AG;C Xyx = AIPCKREPIR

Xj = of , (A)G;C Xy = AL+, PCKRSPIR
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more familiar models discussed in the table and mention
some other possible shifted factor models that have not yet
been explored.

5.3.1. Models for cross-product or covariance data
The models proposed so far have all been what Kruskal [51]
calls “direct fit" models; that is, they are applied directly to
the data array. In contrast to these are the ‘indirect fit’
models—models for the structure underlying sets of quan-
tities derived from the data, such as covariances or other
cross-product arrays. Included in these are standard factor
analysis of correlation or covariance matrices, both inner-
product and outer-product versions, and three-way models
such as Parafac2 and Tucker’s three-mode multidimensional
scaling (TMMDS). Some preliminary exploration indicates
that there are a number of interesting things that result from
applying the shifted factor principle to these cross-product-
type matrices, but it is too large a subject to take up here.

Two less obvious directions of possible further develop-
ment that we would like to mention here are (a) models with
two sequential modes and in which one wants to make
allowance for shifts in both these modes, and (b) models
involving shifts in a plane or space rather than along a line.
Currently, neither of these directions has been explored
beyond the formulation of the basic idea.

5.3.2.  Doubly shifted factor structures

Some types of data involve more than one sequential mode.
Consider, for example, a sound spectrogram. It gives energy
values at each of many successive frequencies for each of
many successive times. Now, if, in addition, an investigator
simultaneously records data from these sound sources using
microphones placed at several different locations, we obtain
a three-mode data set that could be organized as frequen-
cy x time x location.

Suppose these data have structure that can be described in
terms of latent variables. For example, suppose there are
several sound sources (e.g. several airplanes) and that we
want to separate out and measure their individual charac-
teristics based only on the mixtures of sound arriving at the
different microphones. We can consider these sound sources
to be latent causal factors producing the spectral mixtures
observed at each microphone. Each source/factor would
have one sequential loading profile in the frequency mode
and one in the time mode. Either or both of these profiles
could be shifted when the latent structure at one recording
location is compared with that at another, and the pattern of
variations (across recording locations) in one factor’s shift
sizes could be independent of the patterns for other factors.
Across the frequency mode the spectral profile correspond-
ing to a given airplane would shift position as a function of
the velocity of the source in the direction of the receiver
(Doppler shift). Across the time mode the observed temporal
position of changes in the intensity of a given factor could be
shifted from one recording location to the next as a function
of the distance between the source and the receiver’s location
(owing to signal propagation lag).

We can imagine what some models for situations such as
this might look like. For example, if the sources are distant
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enough from the microphones*, one might consider a shifted
Parafac model such as

X a

K — [I+5jr]RbIRC[K+§jr]R (23)
where mode A is frequency, mode B is location, mode C is
time and the shift values s;, and §jr are taken from two
matrices of shift values, S for mode A and S for mode C.
This model can be written using the shift operator by
considering a representative lateral slice:

Xj = of 5 (A)(b))(ef(C))' (24)

In similar fashion a doubly shifted version of the S-T3 model
might be written in AIN as

Xy =4 bc
K [I+SjP]P ]Q [K+/§jr]RgPQR (25)
We find this model difficult to write using standard matrix
notation plus the shift operator.
For those less familiar with array notation, we can write an
expression for a ‘typical element’ in the doubly shifted S-T3

as
Yijk = Z Z Z”<f+s/p>v big €kt 5y)r SP7 (26)
12 q r

As usual, array and scalar notation have a very similar
structure, but the array version represents the entire array,
and can be manipulated as such [38].

These double-shift models seem interesting from a formal
point of view, and potentially useful, but this is another
direction that we have not actually explored.

5.3.3. Spatial shifts
Time series and spectra are one-dimensional sequences.
Other types of data are sequential in a higher-dimensional
continuum, such as in a plane (e.g. image) or three-space
(e.g. brain or body ‘scan’, seismic array data, atmospheric
pollution patterns). An analysis of images into latent image
components might want to allow for modest spatial shifting
of the latent images along any direction in the image
plane. More generally, it might be useful to have models
that could easily deal with factors that shift within a multi-
dimensional space. One possible approach is to change a
loading matrix such as 4R into a loading array AjkR. In the
case of two-dimensional sequences, each mode A loading for
a given factor would be identified by its joint position on
two co-ordinates. It seems quite difficult to state such a
model in matrix terms, but in array notation it would have
the form
Xy = By crsgyr O @7)

Here the size and direction of factor shifts on the plane
would be given by the vector [si; sj]. The shifts for each
mode A factor would be represented by two columns.

For models such as this, there would be a range of valid
alternative linear combinations within each factor’s co-ordi-
nate pair, corresponding to ‘rotations’ of co-ordinate axes in

*Different models would seem to be necessary when the sound
sources are relatively close to the microphones.
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the image plane. This harmless pairwise indeterminacy
should not affect the unique isolation of meaningful compo-
nents defined by the between-pair relationships among the
factors. And the added information provided by the shifting
might allow the columns of bjr to be uniquely determined.

6. DISCUSSION

It is clear that the basic two-way model for factor/component
analysis can be extended to accommodate shifts in latent
factors, as can the basic three-way models Parafac/Cande-
comp and Tucker T3 or T2. Our work so far indicates that this
generalized model provides (essentially) unique solutions,
given certain conditions such as independent factor shifts.
Apparently, the factor shifts can add enough information
distinguishing one factor from another to allow the factors to
be uniquely recovered, much as changes in factor variance
across the third mode allow the Parafac/Candecomp model
to determine a unique, best-fitting set of factors. The differ-
ence, of course, is that the shift parameters fit the non-
linearity (or non-multilinearity) in the data that is due to
positional shifts, while the Parafac third-mode weights de-
scribe linear variations. Another example, although not fully
comparable, of how the incorporation of information on non-
linear factor changes can provide unique resolution of factors
in two-way data, is provided by the incorporation (via
constraints) of knowledge that a particular mode will show
exponential decay of loading magnitudes (see References
[52-57] and references cited therein). In the case of three-
way shifted factor models, both the shift structure and the
three-way multilinear structure can contribute to uniqueness.
This could strengthen the uniqueness properties of the solu-
tion in cases where independent variation of the factors in
either of these two sources of added information was weak or
not present for some pairs of factors.

6.1. Shape changes

With some kinds of data, factor position shifts are often
associated with shape changes. For such data the simple
linear version of the models described here provides only
part of the needed generalization.

How can this further complication be dealt with? Tauler
[24] suggests that we resort to flexible curve resolution
methods. Although these methods do not—unaided —pro-
vide the uniqueness of multilinear models, he points out that
we can often strengthen them by applying other principles
such as selectivity, positivity constraints, etc. to recover the
correct solution. Wulfert et al. [28,58], on the other hand,
focus on the use of prior knowledge about the nature of the
shape changes. A (perhaps modified) version of their poly-
nomial curve fit and banded matrix approach might provide
one possible mechanism by which shape changes could be
accommodated within the present context.

It is possible that, when only a few parameters are required
in order to adequately accommodate the shape variations
likely to occur in a particular situation, then their estimation
could be included as part of the data-fitting process. The
main differences between this approach and that of Wulfert et
al. [28,58] might only be that (a) the non-linear shape changes
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would be characterized in a somewhat more general and
abstract form, and (b) the parameter values along the shape
change continuum would not be known in advance but
instead would be estimated as part of the curve-fitting
process. However, in a more general ‘black box’ approach
the shape change parameters introduced into the model
might control fundamental geometric characteristics such as
skewness or kurtosis of the ‘humps’ in a given factor.

The Appendix includes a definition of shifting in terms of
a general functional relationship between an index on the
unshifted factor and the corresponding index on the shifted
one, as in

Yn = Xf(mp)

that is, where

n=f(m, p)

and m can vary in either discrete or continuous fashion. In
the cases considered earlier in this paper, we have used the
simple relationship

n=m++p

Two straightforward examples of possible kinds of general-
ization would be

f(m,p) =m+h(p) =m+ap+bp*+---

or

f(m’ P):m+h(PlvP27~--)
=m+apy +bpaps + -+

Depending on the functional relationship, it may or may not
be possible to approximate variation that includes both
shifting and shape changes.

The addition of parameters to describe shape change
might add too many degrees of freedom to the SF model
and so interfere with its uniqueness, but not necessarily. It
seems plausible that the uniqueness properties of the origi-
nal SF model could be retained so long as the specified factor
transformations have the same effects on linear indepen-
dence as those induced by ‘simple” position shifts, at least to
the extent that assumptions (i)—(iii) of the theorem described
earlier are still applicable. If these assumptions still do apply,
then the mathematical uniqueness and other properties
explored by the proofs could be carried over—in whole, or
at least in part—to the new domain that includes shape
change. Of course, these extended models do not provide
any improved identifiability if the data do not have the
additional kind of factor variation specified in the model.
Also, one must be careful to avoid indeterminacies within the
non-linear part of the model because of possible trade-offs
among the various added parameters.

6.2. Parametrized non-linear changes

At a higher level of generality, one might consider the shifted
factor model presented here as a specific case of a broader
principle: one can strengthen a model and sometimes obtain
uniqueness of solutions by adding parameters to the model
to fit additional, previously ignored, characteristics of factor
variation. While here we have added parameters specifically
to fit position shifts (and possibly certain shape shifts) of the
factors, it may be that any non-linear factor changes that can
be described by a few parameters could create newly identifiable
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models, provided that the factor changes incorporated into
the model fulfil certain conditions. If this conjecture is
correct, then it provides a general approach to finding and
formulating identifiable models; perhaps one could call it
‘Paramfac’ (for parametric factor analysis).

Put another way, the operator symbol of (-) need not refer
to shifts of factors or even be limited to sequentially orga-
nized data; it can be considered abstractly as representing an
operation that changes factor loading vectors. A previously
under-identified model extended to incorporate such trans-
formations would not only have the virtue of fitting a new
kind of variation, but also it could become identifiable—
have uniquely determined solutions—whenever the nature
of the added factor changes specified by f (-) fulfil certain
algebraic conditions (e.g. maintenance of certain linear in-
dependence and k-rank properties of sets of factors after
applications of the transformation, as assumed in the theo-
rem mentioned earlier). Models that were previously under-
identified, such as the bilinear factor model and the fully
general form of Tucker’s T3 model, might in this way gain
desirable uniqueness properties.
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APPENDIX. ARRAY SHIFTING:
DEFINITIONS, ASSUMPTIONS
AND NOTATION

A.1. The shift operation

We start with an abstract definition of shifting that
allows the sequential mode to consist of either vectors with
discrete elements or continuous functions, but then continue
the discussion concentrating on the discrete case, where the
shifts are integers and refer to subscript position changes.

A.1.1. Shifting (continuous or discrete)
Let x and y be two vectors. The vector y is a shifted version of
x if, for all m,

Yn = X, where n=f(m,s) (28)

Here s is a parameter (or parameter set) controlling the
amount (and/or nature) of the shift.

This ‘shifting’ relationship can also be written in terms of
the vectors as

y =38(x,s) (29)

The function g shifts x to produce y by transforming its index
values in a manner determined by s.

Generalization to arrays of different orders is straightfor-
ward; it involves shifts of subarrays, controlled by para-
meters that may have more than one index. This will be
explained in more detail below.

A.1.2. Continuous case
The function f is monotonic and usually linear; typically,
f(m,s) =m+s. Other relationships are possible, however;
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for example, f(m,s) = m+s; + spel/m=s) As shown, the
parameter s can be a set of values.

If m is a point on a section of the real line over some
interval mpyin < M < Mmay, then the index values that n takes
on are the result of evaluating the function f over that
interval, and this result may or may not be continuous.
Sequential manifest vectors that consist of smooth functions
can be decomposed into combinations of latent factors that
are themselves smooth functions. On the other hand, vectors
in which m and #n take on integer values are also covered by
the above definition.

A.1.3. Discrete case
Suppose we have a vector x that contains I elements x;. One
way that we can express the contents of x is

X = [X1,X2, ...y Xiy .., X1 (30)

Our notion of discrete ‘shifting’ relies on this type of spatial
representation, in which the values are thought of as as-
signed to successive locations along a left-right or up—down
sequence. The phrase ‘shifting x’ is (in the discrete case) short
for ‘shifting the elements in vector x along the subscript
sequence’, which could be thought of as moving each of the
values in the vector so many places to the right or to the left
in the sequence. More abstractly, it is equivalent to system-
atically increasing or decreasing the quantity assigned to the
subscript i for each value x; in the vector.

The result of the shift operation is a new set of sequen-
tial values that could be used in some expression or
assigned to a new variable. For example, if y is the result
of shifting x by s places, then each element of y can be
expressed as

Vi = Xiys (31)

A.1.3.1 Ends of vectors. Several decisions must be
made and conventions established to remove ambiguities
in the notion of ‘shifting’. Most of these have to do with
what happens at the ends of the shifted vector. We consider
three basic approaches: (a) for the purposes of the discus-
sion, the vectors can be considered unbounded in both
directions (‘infinite window’); (b) the vectors resulting
from shifts can be considered to consist of those elements
that are ‘within the window’ both before and after the
shift (‘shrinking window’); and (c) the vectors can be
considered to have fixed length, but with contents deter-
mined by the position of a ‘window” along a longer version
of that vector (‘sliding window’). The choice among these
interpretations will often not matter, but it can be important
in certain circumstances, for example when considering
the preservation of vector equality after shifting (see
below).

We have chosen to concentrate here on (c), the fixed length
or ‘sliding window’ interpretation.* This leads us to define a
shift operation that has the following properties. The shift
operation does not change the length of the vector to which it

*It is easier to define and consider the properties of vector ends in the
discrete case, so we will discuss this case here. The generalization to
the continuous case is handled only by implication.
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is applied. For example, if the length of x is I, the length of the
shifted version y is also I. After a shift of size s, the relation-
ship between the elements of x and y is as follows. If s =0,
then y = x. If s >0, then

y: I:yl,y27"'7y1:|

(32)
= [x1+57 X245y ..« X[, NEWT, NEWD, . .., news]
If s < 0, then
y= [ylA Y2,..., yI] (33)

= [news, ..., news, newy, X1, X2, ..., X_aps(s)]

To specify where these new values will come from, any
vector to be shifted is, for the purpose of such shifting,
thought of as a part of a longer vector. For vector x, we
define a vector ‘x-long’ of length L, where L > I, and write it
as x. Thus we have

X = |X1, Xo,..., X1,..., XL (34)
ST &b 4 bl bl

(We name the ‘long’ vectors using a modified version of the
shorter vector’s name, instead of a new symbol such as u, in
order to emphasize the close relation between the longer and
shorter versions of the vector and to provide a convention for
generating an immediately recognizable name for the longer
version of any vector.)

We next identify the position of x in x. We define the
scalar p (for x-position) such that

Xp=11 (35)

and so
[x1,%2, ...y Xiy ..., xg] = [ﬁp,ﬁp_'.], . .,ﬁpﬂ-_l,...,zw[_d
(36)

This provides a source for the new,, new,, etc. in (32) and (33).
Now we have

YV = [X14; X245, X345, - - - , X1, HEWT, NEWs, . . ., NEWs]
= |:£P+Sa Xpt+i+s; Xpt2tss oo £p+(1—1)+s} (37)

Elements beyond the ends of the two ‘windows’ (i.e. other
elements in y) are not considered.

Anomalies would arise from a vector v (or, equivalently,
the window defining the vector) being shifted beyond the
end of its corresponding long version v. This is excluded in
one of two ways: (1) for mathematical purposes, all ‘long’
vectors ( X, ¥, etc.) are considered infinite in both directions
(of course, this requires that zero and negative subscripts are
allowed); or (2) the long vectors X, y, etc. are considered
finite but, by assumption, are long enough relative to their
corresponding short vectors to prevent the window that
defines the short vector from going beyond either end of
the long vector in any shift or cumulative sum of shifts under
consideration in a given context (e.g. in a given proof,
analysis, etc.). In other words, the long versions of shifted
vectors are by definition long enough to ensure that there
always exists an element x ,, ;1) for any occurring positive
shift or positive sum of shifts s, and likewise an element Xpos
for any occurring negative shift or sum of shifts —abs(s).

Although the results in the preceding subsections have
been stated in terms of single vectors, the same idea
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generalizes in a natural way to shift operations on matrices,
arrays, multiple columns of a matrix, etc. The definitions
below are constructed in more general form to include
shifting of various subarrays inside larger arrays, including
shifting of vector segments.

A.2. Notation for expressing the shift
operation

To incorporate the shift operation into models, algorithms
and proofs, we need a precise way of specifying shifts. Two
approaches will be discussed here: (i) for array index nota-
tion (AIN) [38], nothing new is needed—we simply review
and perhaps clarify the interpretation to be given to certain
subscript expressions; (ii) for standard matrix notation we
define a ‘shift operator’ and set out rules for its use.

A21.
notation
If one is using AIN [38], there is no need to define new
symbols to represent shifted objects. AIN explicitly incorpo-
rates index information into the array names, and so shifted
objects can be represented by simply indicating a function
altering the array index information of the originally un-
shifted object. For example, if the vector I is the result of
shifting vector X[ by S, we can simply write

Expressing the shift operation in array index

Y1 = X[14s] (38)

For simplicity, let us return to a discrete case, where I
consists of integer subscript values. To represent the col-
umn-shifted matrix of N (X), the matrix equation

Y=df (X)
Sj
becomes the AIN equation
Y = X+ (39)

When interpreting (39), we make use of the AIN principle
that multiple occurrences of the same non-italic index sym-
bol within a given AIN expression are interpreted as multi-
ple occurrences of the same generic index value (Rule 2a of
Reference [38]). Here the match is between the s subscript j
and an implied element of J. No new principle is really
needed, since this type of compact expression can always be
replaced by a longer one that uses parentheses in the same
way as in composite elements (Rule 3b of Reference [38]). For
example, the right-hand side of (39) may be defined as

Yts]) = (X[Hsjh')y (40)
It follows that, for each column, Y =x [I+s;lj/ and so
Yy = X4y
= [x[I+sl]1 X[[+s5]2 X[I+s3)3 *** X[1+s]ﬂ (41)

(recall that J is the upper end of the range of j). In other
words, as ] goes through its range of values, the j on the shift
size sj goes through the same values.

A.2.1.1. Examples. To represent a three-way array in
which lateral (I x K) slabs are shifted along the levels of
mode A, we could write

Copyright © 2003 John Wiley & Sons, Ltd.
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YUK = X[14+s]JK (42)

On the other hand, for one with individually shifted column
fibers, we could write

YIK = X[I+s,]JK 43)

If we wanted to very explicitly express the source of
the values of the shift subscripts, as in (40), Equations
(42) and (43) could be written as YK = (x[Hs].h-K) ] and
YK = (x [I+sjk]jk) JK respectively.

To demonstrate the flexibility of this kind of shift notation,
we consider the case where the elements in these (I x K) slabs
are shifted diagonally within the plane in which the slabs lie.
These shifts could be written as

YK = <x [1+slj]j[1<+szj]>] )
Here the shift values are stored in a | X 2 matrix with the first
column giving the shift amounts in mode A and the second
column giving the shift amounts in mode C. Once again
using the simplified notation as in (40) Equation (44) can be
expressed as

YUK = X[l+s;]][K-+sp] (45)

A.2.1.2. Summation of matching indices. A final
note: when performing summation over matching indices
(as is done in AIN following the ‘Einstein convention” [38]),
the matching is done on the index value before it is shifted or
otherwise transformed. Thus

Up 709 = (Upi7)p (Ops9))p

=D UpurPpig =W
P

This point is only going to matter, or be comprehensible, to
those readers who make use of array notation when working
with shifted vectors or arrays.

A.2.2. Expressing the shift operation in matrix
notation: the shift operator

A.2.2.1. Definition of the operator. In matrix nota-
tion the shifting (subscript incrementing or decrementing)
operation will be designated by the symbol

f (47)

which is a script ‘S” (standing for ‘shift’). We define a shift s
for a single element in x as

&f (xi) = xigs
S
and a shift s for the vector x as

Jx)=xi—> x4 for i=1,2,...,1 (48)
S
More generally, we now define a shift operator (or shifting
function) of (+) that takes as arguments an array object to be
shifted, a (smaller) object containing shift sizes, and an
expression defining the shifted part.
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The notation has the general form

(@) (49)
where « is the array to be operated on, § contains the shift
sizes and +y defines the “unit of shifting’ (the size and shape of
a partition in « containing elements that are shifted together
as one unit). The arguments may in general be arrays of any
order (scalar, vector, matrix or higher-way), except that the
sum of the orders of 5 and 7 should equal the order of a.

The fully explicit form of notation defined in (49) is not
always needed. When the information that would be pro-
vided by v and/or 3 is already clear from the context, these
arguments could be omitted. Sometimes v need not be
specified if o and 3 are: its shape (order) can be deduced
from their order numbers, and its size from [ or the context.
Likewise, 8 can be deduced from « and v. However, when
the order of « is greater than two, explicitly representing 3
and 7 is usually recommended.

Sometimes a further simplification is used: 3 is expressed
in ‘shorthand’ form, where only the appropriate subscript is
given, e.g. of(-). In this case the shift values are assumed to
reside in part of an array of shift values that should be
obvious by the context (often a vector taken from the shift
matrix S). The part of the subarray from which the values are
taken is designated by the subscript(s) used in the ‘short-
hand’ (e.g. often @fj = dS/).

A.222. Examples. A few examples will help clarify
the meaning and usage of the shift operator.

A.2221. Elements and segments. As noted ear-
lier, a shift applied to a single element in a vector x may be
specifically denoted as of5(x2) = x7, for example, or more

generally as of ., (Xi) = Xitawsy-

A.2.222. Vectors. The simplest generalization con-
sists of shifting the position of elements in a single vector.
To represent the vectors that result when each element in x is
shifted by, say, five places or by u 4- v + 1 places, we have

X145 Xl+utov+1

X245 X2 tuto+1
Jx) = ] and o (x)= ] (50)
5 u+v+1

Xit5 Xituto+1

Note that v has been omitted here as unnecessary; in its fully
explicit form the expression would be of},., ;(X) to specify
that x is shifted.

A.2.22.3. Matrices. A column-shifted matrix can be
represented by assembling vectors that are expressed as in
(50) into successive column positions in a partitioned matrix.
However, it is more flexible and compact to use the potential
for greater generality implicit in (49) to express the applica-
tion of successive elements from a vector of shifts to the
successive columns of the matrix. Let X be an I x | matrix and
v be a vector of length |, with each element of v giving the
shift size for the corresponding column in X. Then we have

Copyright © 2003 John Wiley & Sons, Ltd.

three alternative representations:

JX) = [S0a)| S| | S )] -]

v 41 43 Yj
X14v; X140, X1+0;
X240, X240, X240, (51)
xf‘H)] xi+7)2 xi+U]

Again, vy is unnecessary, but, if specified in the left and center
expressions of (51), would be x; to indicate that columns of
the X matrix are shifted. Note that 3 is respectively a vector
and a scalar in the left and centre expressions of (51), and so
the sum of the orders of 3 and v equals « in both.

A.2224. Three-way and higher-way arrays. In
higher-way cases we are faced with new choices. For exam-
ple, if we want to indicate independent shifting of each fiber
(e.g. each column) of a three-way array, (3 is a matrix rather
than a vector, with one matrix element for each column in the
array. On the other hand, if we want to shift whole slabs of
the array at once, 3 is a vector with one element for each slab.
Specifying v as well removes any ambiguity.

For example, suppose we independently shift the JK
columns of an I x | x K three-way array X. We denote 3 by
S, a] x Kmatrix of shift sizes, and y by x, a column vector of
I elements taken at levels j and k of the second and third
modes of X respectively. Then the shifted version of X is

represented as

Xk

o (X) (52)

s
In (52) we can see that the ‘shift unit’ x is a vector, and its jk
subscript indicates the X subscripts to be held fixed when
determining it (the missing subscript i indicates the elements
that are to be shifted together, i.e. a column of X. The matrix
S contains a shift size for each of the JK shift units in X. Note
that, unless the context makes it clear that S is | x K, one
needs to specify the shift unit as well to clarify that it is a
column, not a row or ‘tube’ of X (specifying only the shift
unit would allow one to deduce the size of S, however).

Now suppose instead that we shift the K columns at level

by the same amount—in other words, suppose we shift
lateral slabs of the array. Then our expression is

X

g X) (53)

S

where s is a J-length vector of shift sizes, one for each of the |
slabs, and X; is the I x K matrix of elements taken from the jth
lateral slab of X that are shifted together (i.e. the shift unit).
Again, explicitly denoting both the shift size and shift unit
removes any ambiguity.

In the above examples the shift size vector or matrix is not
subscripted, but a subscripted shift vector is often used in
this paper when discussing various shifted factor models;
such notation implies that the shift vector is part of a shift
matrix. This occurs when we represent the (I x K) jth lateral
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slab of X in shifted factor notation as

X; = of (A)(b))C 54

or

Xj = of (A)(b;)C’ (55)
]

where A is the I x R matrix of mode A factor loadings; b; is
row j from B, the | x R matrix of mode B factor loadings, and
(b;) = diag(b;) [41]; C is the K x R matrix of mode C load-
ings; and R is the number of factors. Mode A is defined to be
the shifted mode, and the shift unit is a column of A; the shift
unit is not stated explicitly here, but, if so, would be a,. The
shift size s; is an R-length vector, one element for each
column of A, and the subscript j corresponds to the X
subscript and not the column of A. In other words, there
are ] different s vectors, one for each slab of X, and s is row j
of the | x R shift matrix S.

A.3. Algebraic properties of the shift operator
A3.1. Multiple shifts of a given vector

Considered as an algebraic operation, the shift operation is
essentially just addition, except that it is applied to subscript
values rather than to variable values. Consequently, shifts of
shifted expressions display the same algebraic properties as
addition. Like addition, the shift operation is commutative,
distributive and associative. For example,

I (g0) =or(0) (56)

t s s t

Sx+y) =S +f(y) (57)

S

#(#(gw)) =gla)

~(0) = o W

s \t+u Ss+t4u

(58)

For any given shift there is an inverse shift, which is of course
equivalent to shifting by the negative of the given shift. That is,

o, (%) = fL(x) (59)

There is also an identity shift
o(x) =x (60)
and so we can write
-5(fs(x) = fo(x) = x (61)
These properties allow the multiple applications of a shift
operator to a given vector to be interpreted in a natural way.

A.3.2.  Shifts of two vectors: vector equality

before and after the shifts

Mathematical statements of equality between two shifted
vectors u and v (or between a shifted and an unshifted
vector) are true or false in the usual sense of vector equality
(i.e. true if and only if u; = v; for all valid 1).

However, there are different logical relationships between
statements of equality of preshifted vectors and statements
of equality of postshifted vectors (i.e. statements involving
maintenance of equality under shifting) depending on which
model of vector ends one adopts.

Copyright © 2003 John Wiley & Sons, Ltd.
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Under the ‘“infinite window” interpretation, vector equality
before shifting both implies and is implied by equality after
shifting. Thus, when the shifted vectors are treated as
unbounded, we can write

u=veof(u) =ef(v) (62)
Under the ‘shrinking window’ interpretation, vector equal-
ity before shifting implies equality after shifting, but not vice
versa. Symbolically,
u=v—gf(u) =ef(v) (63)
Finally, under the ‘sliding window’ interpretation, at least as
defined in Section A.1.3.1, there is no implication in either
direction:
u=0vX—f(u) =cf (v) (64)
However, there are circumstances where it is reasonable to
assume (62), i.e. that is, to stipulate the maintenance of
equality, even in the ‘sliding window’ case. This is equiva-
lent to assuming that Uup+i—1 = Yop+i-1 for all subscript
values i that are defined for u and v.
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